Abstract. Motivated by the description of Nurowski's conformal structure for maximally symmetric homogeneous examples of bracket-generating rank 2 distributions in dimension 5, aka (2, 3, 5)-distributions, we consider a rank 3 Pfaffian system in dimension 5 with SU (2) symmetry. We find the conditions for which this Pfaffian system has the maximal symmetry group (in the real case this is the split real form of G 2 ), and give the associated Nurowski's conformal classes. We also present a SU (2) gauge-theoretic interpretation of the results obtained.
Introduction
Ever since Cartan initiated the study of (2, 3, 5)-distributions over 100 years ago using pioneering methods he developed in [8] , which eventually gave rise to the eponymous theory of connections and the method of equivalence, the subject has garnered considerable interest and attention over the passing years. A selection of the vast literature on the development of the subject of (2, 3, 5)-distributions includes [1] , [2] , [3] , [4] , [5] , [6] , [7] , [9] , [10] , [12] , [13] , [14] , [16] , [17] , [18] , [19] , [20] , [21] and [22] , spurred on by problems involving rolling in mechanics, questions regarding holonomy, parabolic differential geometry and the theory of Lie groups. It also inspired further contributions in the field of subriemannian geometry and control theory [15] .
A (2, 3, 5)-distribution on a 5 manifold M 5 is a maximally non-integrable bracket generating rank 2 distribution. Such a distribution determines a filtration of the tangent bundle given by
The distribution [D, D] has rank 3 while the full tangent space T M has rank 5, hence such a geometry is also called a (2, 3, 5)-distribution. It is mentioned in the literature that in the real case, the homogeneous space for such geometries is S 3 × S 2 where the maximal 14-dimensional symmetry group, the split real form of G 2 , acts transitively [3] , [5] . The motivation of this article is to derive Nurowski's conformal structure(s) for the homogeneous example. Origins of the homogeneous model can arguably be traced to Sections 52 and 53 (pages 178-180) of [8] , but this is a dense and difficult piece of mathematics to unravel.
To derive the conformal structure(s), we first consider the rank 3 Pfaffian system annihilating a pair of linearly independent vectors lying in the null cone of the split signature product metric of S 3 × Σ 2 , where the metric on Σ 2 is an ansatz for a surface of revolution. We then apply the method of equivalence [8] to this Pfaffian system to determine Nurowski's conformal structure associated to this Pfaffian system and investigate when it has maximal symmetry, which occurs when the conformal structure has vanishing Weyl tensor [16] . The metrics obtained are presented in Theorems 3.1, 3.2, 4.1, 4.2, 4.3 and 4.4.
Even though the original assumptions for Σ 2 are in the real and smooth category, the solution to the problem of determining when the system has maximal symmetry, when computing the vanishing of the Weyl tensor, unavoidably introduces complex numbers and variables into the picture. We therefore first assume that we are working over the complex field and later impose natural reality conditions to obtain the real form of the metric on Σ 2 . From the real form, we find that the surface of revolution Σ 2 should either have constant Gaussian curvature 1 9 or 9 in the maximally symmetric model, agreeing with the results from [1] , [3] and [5] .
Furthermore, a gauge theoretic interpretation of the results, discussed in Section 5, bearing in mind the symmetry of the non-Abelian gauge group SU(2), is worth pursuing further. The computations here are done with the aid of the DifferentialGeometry package in MAPLE 17.
SU(2) Pfaffian system
Our goal in this section is to derive a representative metric, preferably as nice as possible, of Nurowski's conformal structure associated to a certain rank 2 distribution on the manifold M = S 3 × Σ 2 , where S 3 is the unit three-sphere and Σ 2 is a surface of revolution in the real setting. Let σ 1 , σ 2 , σ 3 be the left-invariant 1-forms on SU(2), which satisfy the relations
As a manifold, SU(2) is isomorphic to S 3 and these left invariant 1-forms define a coframing on S 3 that can be parameterised by Euler angles (ψ, θ, φ) as follows
They are dual to the left-invariant vector fields on S 3 , which we denote by E i for i = 1, 2 or 3. The ansatz metric on Σ 2 is given by
In the real setting, this gives a surface of revolution parameterised by arc length. The split signature product metric on M = S 3 × Σ 2 is given by
For our computational purposes now, we let f (r) be completely unknown, and thus possibly complex (forget that it is real). Consider now two linearly independent vector fields that are null with respect to the metric (2.1), which we take to be
Here a 1 , b 1 , c 1 , a 2 , b 2 and c 2 are constants (possibly complex). We pose the following question: when do these two vector fields determine a (2, 3, 5)-distribution, i.e. when is it bracket generating? The two vector fields, spanning the distribution D, are annihilated by the following rank 3 Pfaffian system on D ⊥ = (T M/D) * :
du,
du.
The system can be completed to a coframe on T * M by taking
The condition for the vector fields to be bracket-generating is now equivalent to requiring that this Pfaffian system satisfies the structure equations in Cartan's paper [8] with
where H is some non-zero function. A computation shows that in order for the structure equations to be satisfied, we require a 1 = 0, c 1 = 0, b 2 = 0 and that the where the constants P, Q, R, S, T, U are to be determined by the Cartan's structure equations [1] , [2] , [8] , [16] :
We find that in order for the new coframing to satisfy this set of structure equations, it implies that R = 0, U = 0, T = P , and that
, must hold. With the remaining freedom, we set P = 0. A representative metric of Nurowski's conformal structure [16] associated to the distribution D is finally given by
A computation of the Weyl tensor for the metric g shows that one of its components, taken to be W 2424 θ 2 θ 4 θ 2 θ 4 , is
It turns out that the vanishing of the Weyl tensor of g is guaranteed as long as either of the equations 9a In both cases, we obtain complex solutions for the algebraic constraints when we solve for c 2 in terms of a 2 . As a consequence, the function f (r) in the Pfaffian system is complex. It is also worth noting that in the real setting, the vanishing of the Weyl tensor occurs when the real distribution D has the maximal 14-dimensional group of the split real form of G 2 as its symmetry.
Rescaling the metric by the constant 
Having obtained the expression for (2.2), we would like to see the formulas in both conformally flat cases. We give them in the subsequent Sections 3 and 4, where we find that we are even able to express the metric for both cases in diagonal form, namely in terms of a metric on the surface Σ 2 , and a symmetric bilinear form on T M/D and T M/D using the 1-forms in the Pfaffian system that span the complementary bundle
HereD is the "sign-reversed" distribution to be defined in the next two sections. To summarize this section, we have the following Theorem 2.1. A representative metric of Nurowski's conformal class associated to the bracket-generating distribution D given by the span of the vector fields
both of which are null with respect to the product metric (2.1) on 
is given by the metric (2.2). The metric has vanishing Weyl tensor if and only if either 9a
r . This is a complex function of r and following through with the computations, we obtain the complex Pfaffian systems P ∓ spanned by the 1-forms
with ω 4 = dr and
du. The Pfaffian systems P ∓ annihilate the complex distributions D ∓ given by the span of
We can succinctly write the first two 1-forms in the Pfaffian systems P ∓ as
Using the polarisation identities
we can express the metric diagonally as
From the form of the metric obtained, we now define "sign-reversed" rank 3 Pfaffian systemsP ∓ by taking the collection of 1-forms
with ω 4 , ω 5 unchanged. The "sign-reversed" Pfaffian systemsP ∓ annihilate the "sign-reversed" distributionsD ∓ given bỹ
r ∂ ∂u .
The two vector fields are also null with respect to the product metric (2.1) on S 3 × Σ 2 , with the appropriate f (r) chosen according to the sign ofX ∓ 2 . We can express the metricg now simply as
Randall
Observe that this is a product of the metric ω 4 ω 4 + ω 5 ω 5 defined on the surface Σ 2 and the bilinear form
Equally applying the method of equivalence for the "sign-reversed" Pfaffian systems, i.e. for the distributionsD ∓ annihilated by the Pfaffian systemsP ∓ spanned byω 1 ,ω 2 andω 3 , we find that Nurowski's metric associated toD ∓ is given bỹ
This is again a metric on
∓ , but the role of ω i andω i has been switched for i = 1, 2, 3 (of courseω 3 = ω 3 ).
We can further investigate the question of whether the conformal structure [g] associated to D ∓ admits a Ricci-flat representative by solving for the equation
r , we find that the conformal factor Ω(r) satisfies the complex first order differential equation
which has complex solutions given by Ω(r) = αe
r , the conformal factor Ω(r) satisfies the complex differential equation
r . The appearance of the complex factor in the conformal rescaling calls for a gauge theoretic interpretation of the results, and to reinterpret the conformal factor as a phase factor. We investigate the gauge-theoretic aspects further in Section 5. We have the following theorem for the complex distributions D ∓ .
Theorem 3.1. A representative metric of Nurowski's conformal class associated to the maximally symmetric complex distributions D ∓ given by the span of
is given bỹ
Here ω 1 , ω 2 and ω 3 are 1-forms in the Pfaffian system P ∓ , which span (D ∓ ) ⊥ andω 1 ,ω 2 ,ω 3 are 1-forms in the Pfaffian systemP ∓ , which span (D ∓ ) ⊥ . The conformal structure determined byg is conformally flat and multiplying by the square of the phase factor Ω(r) = αe The above metric restricts to a complex metric on Σ 2 . For Σ 2 to be a surface of revolution, we would like to derive the real form and obtain a real metric on Σ 2 . We do this by first finding the real form of the Pfaffian systems P ∓ .
Real form.
To obtain the real form, consider the Pfaffian system P R given by the 1-forms
)du. This Pfaffian system annihilates the vector fields
which span the real distribution D R . Reversing signs in ω 1 and ω 2 , we obtain the "sign-reversed" real Pfaffian systemP R given bȳ
The "sign-reversed" Pfaffian systemP R annihilates the vector fields
which span the real distributionD R . The associated real metric given bỹ
is conformally flat. We have the following theorem Theorem 3.2. A representative metric of Nurowski's conformal class associated to the maximally symmetric real distribution D R given by the span of
where ω 1 , ω 2 , ω 3 are the 1-forms in the Pfaffian system P R , which span (D R ) ⊥ andω 1 ,ω 2 ,ω 3 are 1-forms in the Pfaffian systemP R , which span (D R ) ⊥ . The conformal structure determined byg R is conformally flat. The real distribution has split real form of G 2 as its group of symmetries.
The analogous results, replacing D
∓ withD ∓ in the complex case and D R with D R in the real case, also holds with the appropriate changes in the metric representative (swapping ω i withω i for i = 1, 2, 3). Having imposed reality conditions, the metric on Σ 2 given by
is totally real and has constant Gauss curvature of 1 9 . This corresponds to the sphere of radius 3 in [1] , [3] , [5] . Note that the metric ω 4 ω 4 + ω 5 ω 5 is not exactly ds 2 , since no suitable real f (r) can be chosen from the computations we obtained in the vanishing of the Weyl tensor. Nevertheless the real metricg R does restrict to a surface of revolution on Σ 2 .
4. The case where 9a 
with f = ke ∓3ir , which again is a complex function. Taking c 2 = ±3ia 2 and also k = 1, we obtain the complex Pfaffian systems P ∓ :
du. The Pfaffian systems P ∓ annihilate the distributions D ∓ given by the span of
The metric in this case can be written diagonally as
Similar to the previous section, we take the "sign-reversed" Pfaffian systemsP ∓ to be given by the 1-formsω
with ω 4 , ω 5 unchanged. The above metric is then succinctly expressed as
If we compute Nurowski's metric for the "sign-reversed" Pfaffian system, i.e. considering instead the conformal structure associated to the "sign-reversed" distributionD ∓ , which are annihilated by the 1-formsω 1 ,ω 2 andω 3 , and given by the span ofX
we obtain the metric
The vector fieldsX 1 andX 2 are again null with respect to the product metric (2.1) on S 3 × Σ 2 . We have the following theorems:
Theorem 4.1. A representative metric of Nurowski's conformal class associated to the maximally symmetric complex distribution D ∓ given by the span of
is given byg
Hereω 1 ,ω 2 ,ω 3 are 1-forms in the "sign-reversed" Pfaffian systemP ∓ , which span the complementary bundle (
For the "sign-reversed" distribution, we have Theorem 4.2. A representative metric of Nurowski's conformal class associated to the maximally symmetric complex distributionD ∓ given by the span of
Here ω 1 , ω 2 and ω 3 are 1-forms in the Pfaffian system P ∓ , which span the com-
is again conformally flat.
Real form.
Once again, we try to recover the real metric on Σ 2 . To obtain the real form, we first consider the Pfaffian system given by
cos(3r)du. We then apply the Wick rotationũ = iu to obtain the real Pfaffian system P R given by the 1-forms
cos(3r)dũ. This Pfaffian system annihilates the vector fields
which span the real distribution D R . Reversing signs in ω 1 and ω 2 , we takeP R to be Pfaffian system given by the 1-forms
which annihilate the "sign-reversed" distributionD R . The associated real metric given byg
3ω3 is conformally flat. We have the following theorem Theorem 4.3. A representative metric of Nurowski's conformal class associated to the maximally symmetric real distribution D R given by the span of
is given byg Similarly, we obtain the following result for the "sign-reversed" distribution.
Theorem 4.4.
A representative metric of Nurowski's conformal class associated to the maximally symmetric real "sign-reversed" distributionD R given by the span ofX
where ω 1 , ω 2 , ω 3 are the 1-forms in the Pfaffian system P R which span the complementary bundle D ⊥ R . The conformal structure [g R ] is again conformally flat and has the split real form of G 2 as its group of symmetries.
The metric on Σ 2 given by
is again totally real and has constant Gauss curvature of 9. This corresponds to the sphere of radius 1 3 in [3] , [5] . The restriction of the real metricg R to Σ 2 again gives us a surface of revolution.
Gauge connection
In the above two maximally symmetric cases, we can interpret the complex vector fields X 1 and X ∓ 2 that span the complex distributions D ∓ as each determining a non-Abelian SU(2) spin connection on each Σ 2 . Up to a proportionality factor, the spin covariant derivative is determined completely by the vector fields that span the rank 2 horizontal bundle D. The field strength is identified as the curvature of the distribution ∧ 2 D → T M/D given by the Lie bracket [X 1 , X 2 ] mod X 1 , X 2 . See Chapter 4 of [15] or Chapter 6 of [11] for further details.
In the first maximally symmetric case where a 2 2 + 9c 2 2 = 0, considering the vector fields as a covariant derivative, we have the components of the spin connection on Σ 2 given locally by
The left invariant vector fields on S 3 given by E 1 , E 2 and E 3 can be identified with the Pauli matrices in the standard manner. We have
The matrices satisfy the commutation relations of [E 1 , E 2 ] = −E 3 and its cyclic permutations. Let ψ = ψ p ψ n be a spinor field (or a doublet). The gauge covariant derivative, acting on spinor fields, can be expressed as
where the gauge fields are
r . The components µ = 0, 1 correspond respectively to the local coordinates r, u defined on the base space Σ 2 . We find
